Being the "mother distributions" of all types of two-parton correlation functions, generalized transverse momentum dependent parton distributions (GTMDs) have attracted a lot of attention over the last years. We argue that exclusive double production of pseudoscalar quarkonia (ηc or η b ) in nucleon-nucleon collisions gives access to GTMDs of gluons.
INTRODUCTION
Generalized transverse momentum dependent parton distributions (GTMDs) for hadrons are often denoted as "mother distributions" as they represent the most general (two-)parton correlation functions of hadrons [1] [2] [3] [4] [5] . They allow one to study the multi-dimensional parton structure of hadrons at the next level. In this context we recall that all generalized parton distributions (GPDs) and transverse momentum dependent parton distributions (TMDs) are kinematical projections of certain GTMDs.
The "mother distribution" character of GTMDs provides a strong motivation for exploring these quantities. But several further motivations exist. First, for a vanishing longitudinal momentum transfer to the hadron, the Fourier transform of a GTMD is a Wigner function that depends on the (average) longitudinal and transverse momentum as well as transverse position of partons inside the hadron [2, 6] . Wigner functions, which are also popular in other areas like AMO physics, are the quantum mechanical counterpart of classical phase space distributions [7] . Partonic Wigner functions in principle allow one to make 5-D images of hadrons -see for instance Refs. [6, 8, 9] . Second, for both quarks and gluons there is a very intriguing relation between a specific GTMD -F 1,4 in the notation of [4] -and the orbital angular momentum (OAM) of partons inside a longitudinally polarized nucleon [8, [11] [12] [13] . In the quark case this relation applies for the two commonly used definitions of OAM [11, 14, 15] -the canonical OAM by Jaffe and Manohar (L JM ) [16] and the kinetic OAM by Ji (L Ji ) [17] -and it allows for an intuitive interpretation of the difference L JM − L Ji [18] . It also gives access to the so far elusive L JM in quantum chromodynamics (QCD) on the lattice [11, 19, 20] . Third, certain GTMDs are related to spin-orbit correlations of the nucleon, where the best studied cases are for longitudinal polarization of either the parton or the target [8, 12, 21] . Such spin-orbit correlations have a meaning similar to the ones in an atomic system such as the hydrogen atom.
A number of model calculations of GTMDs is available by now [3, 4, 6, 8, 9, 12, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . On the other hand, for more than a decade after the first papers on GTMDs [1, 2] had appeared it was not known how these functions could be measured. Only recently has it been argued that gluon GTMDs can be accessed through exclusive hard diffractive di-jet production in DIS [33] , a reaction which should be measurable at a future electron-ion collider [34, 35] . That work on GTMD observables was followed by several related studies [29, [36] [37] [38] [39] [40] [41] , which all but one [40] deal with GTMDs of gluons.
With the exception of Ref. [36] , where a very specific weighted cross section was explored, all the works on observables for gluon GTMDs focus on the small-x region of parton saturation. Here we show that GTMDs of gluons, for any momentum fraction x, can be addressed through exclusive double production of pseudoscalar quarkonia (η c or η b ) in nucleon-nucleon collisions, N a N b → η Q η Q N a N b , where η Q denotes either η c or η b . We discuss how specific GTMDs can be accessed by means of suitable polarization observables. Our analysis has similarities to the study in Ref. [40] where we have shown that quark GTMDs can in principle be measured through the exclusive pion-nucleon double Drell-Yan process, πN → (ℓ
GENERALIZED TMDS OF GLUONS
A complete list of gluon GTMDs for a spin-1 2 target was presented in Ref. [5] . They can be defined through the off-forward gluon-gluon correlator
which is a generalization of the correlator for gluon GPDs to include transverse parton momenta -see for instance Ref. [42] . In Eq. (1), the gluons are represented by components of the field strength tensor F µν a , where 'a' is a color index. Note that we have limited ourselves to the case of leading twist -i, j are transverse indices, and '+' indicates the light-cone plus component. (The light-cone components of a generic 4-vector a = (a 0 , a
.) The Wilson line W ab , which is in the adjoint representation, ensures color gauge invariance of the bi-local gluon operator. The initial (final) nucleon is specified through its four-momentum p (p ′ ) and helicity λ (λ ′ ). We also have used the average four-momentum P = (p + p ′ )/2 and the momentum transfer ∆ = p ′ − p. The average longitudinal and transverse gluon momenta are denoted by x and k ⊥ , respectively. At leading twist, one has a total of 16 gluon GTMDs [5] . Here we concentrate on
The expression in (2) describes unpolarized gluons, while (3) describes the gluon helicity distribution. Below we will refer to the GTMDs defined in Eq. (2) and in Eq. (3) as F-type and G-type GTMDs, respectively. (For linearly polarized gluons one needs another eight GTMDs [5] .) In Eqs. (2), (3) we have used δ
where g µν denotes the metric tensor, and ε (2) can be parameterized like the one for unpolarized quarks, while W g λ,λ ′ in (3) can be parameterized like the one for longitudinally polarized quarks. (For a corresponding discussion in the case of quark and gluons GPDs and TMDs we refer to [42] .) Our notation for the gluon GTMDs therefore follows the quark case presented in [4] . In order to evaluate the matrix elements in Eqs. (2), (3) we considered u(p, λ) and u(p ′ , λ ′ ) as light-cone helicity spinors [43, 44] . The nucleon mass is denoted by M , while ξ = (p
is the longitudinal momentum transfer to the nucleon. Like TMDs, a generic GTMD X = X(x, ξ, k ⊥ , ∆ ⊥ ) depends on x and k ⊥ . Also, like GPDs, it depends on ξ and ∆ ⊥ . In general, GTMDs are complex-valued functions [3, 4] . For brevity we have not indicated the scale dependence of GTMDs -see for instance Ref [26] for more details on this point.
When discussing observables below we will focus on the two gluon GTMDs F 1,4 and G 1,1 . As already mentioned in the Introduction, F 1,4 gives access to the OAM of gluons, which may play an important role for the spin sum rule of the nucleon [37, 45] . Both F 1,4 and G 1,1 quantify the strength of spin-orbit correlations [8, 12, 21] -the correlation between the spin of the nucleon and the OAM of the gluon in the case of F 1, 4 , and the correlation between the spin of the gluon and its OAM in the case of G 1,1 . Because of these reasons, F 1,4 and G 1,1 have attracted the most attention so far.
SCATTERING AMPLITUDE
Now we discuss the scattering amplitude of the exclusive process
with q A total of eight Feynman diagrams contribute to lowest order in the strong coupling constant α s = g 2 s /(4π). (Note that we focus on kinematics in which the emission of two η Q from a single gluon line connecting the two nucleons is suppressed.) We find the following result for the scattering amplitude:
with the constant A given by
In Eq. (6), R 0 (0) is the value of the radial wave function of the η Q at the origin, and N c is the number of quark colors. The longitudinal momentum transfer to the nucleons is given by ξ a = (q . This means that one has access to the GTMDs in the ERBL region [46, 47] , which is characterized by −ξ ≤ x ≤ ξ. The transverse gluon momenta are integrated over with the constraint given by the delta function in Eq. (5) . Note that we have used the transverse momentum ∆ q T = q 1⊥ − q 2⊥ . Moreover, in order to obtain the last member in Eq. (5) we have exploited the symmetry properties
, which hold for both nucleons. According to Eq. (5), F-type and G-type GTMDs as well as their interference enter in the observables.
CROSS SECTION AND POLARIZATION OBSERVABLES
The cross section in the center-of-mass frame is obtained from the scattering amplitude in Eq. (5) via
where we have already integrated over the phase space of one of the outgoing nucleons. Note that Eq. (7) contains the symmetry factor 1 2 . In defining polarization observables we focus on the GTMDs of the nucleon N a , while we always sum/average over the spins of the nucleon N b by using
In the following we consider the unpolarized cross section, single-spin asymmetries (SSAs), and double-spin asymmetries (DSAs). To this end we introduce
where the indices in τ UU , τ LU and τ LL refer to the nucleon N a . The quantity in (9) describes the numerator of the longitudinal target SSA, while the quantity in (10) determines the longitudinal DSA. Analogous definitions apply for spin asymmetries involving transverse polarization in the x-direction or y-direction. Below we will set ∆ b⊥ = 0 throughout, which simplifies the expressions for the observables. In this case one has two independent external transverse momenta only, for which we choose ∆ q ⊥ and ∆ a⊥ = −( q 1⊥ + q 2⊥ ).
As discussed above, we are specifically interested in gaining access to F 1,4 and G 1,1 . In order to address F 1,4 , one can consider the following linear combination of polarization observables (see also Ref. [40] ):
where we have used the shorthand notation
for the convolution of transverse parton momenta, with w( k a⊥ , k b⊥ ) representing a generic weight factor. Note that in the case of the complex conjugate amplitude we have denoted the transverse gluon momenta by p a⊥ , p b⊥ . Through the observable in Eq. (11), for the term which is exclusively given by F-type GTMDs, one "selects" F 1,4 for the nucleon N a . The 3rd and 4th term on the r.h.s. of this equation is given by G-type GTMDs only, while the last term arises from the interference of F-type and G-type GTMDs. At present very little is known about the (relative) magnitude of the various gluon GTMDs in Eq. (11) . In order to arrive at a simplified expression for the observable we use the fact that in the forward limit (the real part of) F 1,1 reduces to the density of unpolarized gluons. We therefore assume that F 1,1 is (much) larger than all the other GTMDs. In turn, G 1,4 becomes the gluon helicity distribution in the forward limit, and we consider this function to be larger than the remaining GTMDs (except of course F 1,1 ), even though currently this distribution still has very large uncertainties [48, 49] . With these approximations one finds
where the vector β ⊥ is given by
It is not possible to disentangle in a model-independent manner the two terms on the r.h.s. of Eq. (13) . Since GTMDs also depend on the variable k ⊥ · ∆ ⊥ , even the 2nd term on the r.h.s. of (13) depends on the angle ϕ between ∆ a⊥ and ∆ q ⊥ . However, if this dependence is mild, one may be able to separate the two terms in Eq. (13) by measuring this observable as function of ϕ.
For the GTMD G 1,1 , the observable corresponding to Eq. (11) is
While we are interested in the 1st term on the r.h.s. of Eq. (15), based on the above discussion about the magnitude of gluon GTMDs we expect that the 3rd term clearly dominates this observable. It therefore seems impossible to study G 1,1 through this observable. This situation changes only if one polarizes the nucleon N b as well. Like for the double Drell-Yan process presented in [40] we also consider observables which depend on the interference of F 1,4 and G 1,1 with other GTMDs for the nucleon N a that are expected to be large. This situation occurs for
where in the 1st and 2nd term on the r.h.s. 
In the 2nd member of Eq. (17) we have kept two interference terms. However, since F 1,4 is accompanied by three powers of F 1,1 we expect this term to (clearly) dominate over the one containing G 1,1 . The external dependence on ϕ -determined through the prefactor ε ij ⊥ ∆q i ⊥ ∆ j a⊥ and the vector β -is identical for the two interference terms. Hence, measuring the observable in (17) as function of ϕ most likely will not help to disentangle the two terms. We therefore conclude that this observable would allow one to study F 1,4 but not G 1,1 . Note however that in Eq. (17) appears the imaginary part of products of GTMDs, while at present the main interest is in Re F 1,4 (and Re G 1,1 ) . Instead of the observable in (17) one can therefore consider 1 2 τ XY − τ Y X . The result for this polarization observable is identical to the r.h.s. of (17), but with an overall minus sign and Re (. . .) instead of Im (. . .). In that case Re F 1,4 is multiplied by the large Re F 1,1 -see the paragraph after Eq. (12).
SUMMARY

